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It is shown that the ratio of orthogonal polynomials with exponentially increas- 
ing recurrence coeflicients is closely related to some new orthogonal q-polynomials 
of which the recurrence coefficients converge exponentially fast to zero. These 
q-polynomials are investigated in detail. cc 1987 Academic Press, Inc. 
1. INTRODUCTION 
Let {P,,(X)} be a sequence of polynomials that satisfy the recurrence 
formula 
P,+r(x)=(x--a,)P,(x)--~P,-,(x), n=o, 1,2, . . . (1.1) 
P,(x) = 1, P-,(x)=0 
with a, E R, bi > 0. A classical result shows that these polynomials are 
orthogonal with respect to some probability measure u on the real line, i.e., 
I 
+02 P,,(x) P,(x) da(x) = 0, m # n. (1.2) 
--a: 
One of the main problems in the theory of orthogonal polynomials is to 
relate the behavior of the recurrence coefficients {a,, b, > to the measure a 
and to asymptotic properties of (P,(x)}. Adequate methods have been 
developed when the recurrence coefficients converge [9, 131 or when they 
are asymptotically periodic [8, 10, 151. Nevai and Dehesa [14] have con- 
sidered unbounded recurrence coefficients {a,, b,} for which there exists a 
positive function cp such that 
lim %=a b 
n-mcp(n) ’ 
lim n= 
n-m v(n) 
b (1.3) 
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and for which 
cp(x+t) l 
.?i! cpo = . (1.4) 
This class of orthogonal polynomials contains those for which the 
recurrence coefficients are regularly varying, i.e., 
a, = an”L(n), b, = bn@l(n) 
with L( .) a slowly varying function [ 161. If one only assumes that the limit 
dx + t) 
.k cp(x) 
-=/l(t) 
exists for every t>O and is measurable, then h clearly satisfies the 
functional equation h(y + t) = h(y) h(t), so that h(t) = q-’ for some 
positive real number q. We will adopt a name for such orthogonal 
polynomials. 
DEFINITION. A sequence {P,(X)} consists of q-like orthogonal 
polynomials if the recurrence coefficients atisfy (1.3), where cp is a positive 
function such that 
Many orthogonal q-polynomials have this property, such as the Stieltjes - 
Wigert polynomials [6, 71, the q-polynomials of Al-Salam and Carlitz [2], 
the Wall polynomials [6], and the q-Lommel polynomials [ 111. 
If q > 1 then the recurrence coefficients {a,, b,} both converge to zero 
and the methods developed in [13, 151 may be used to study the ratio of 
two contiguous polynomials. If 0 < q < 1 and u and b are different from 
zero then the recurrence coefficients are unbounded and will grow 
exponentially fast. The zeros of the polynomial P,, denoted in increasing 
order by 
.Xl,H < X2,” < . . . < x,, n, 
will have the tendency to move to infinity, which causes considerable 
difficulties. These difficulties can be removed by resealing the zeros, using 
the bound 
(1.6) 
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which shows that {xj,Jcp(n)} is bounded. The main result of this paper is 
the following. 
THEOREM 1. Suppose that (P,(x)} are q-like orthogonal polynomials 
with O<q< 1, then 
P,(cp(n) 2) 
lim v(n) p 
+ O” dtqx) 
II’CC .+l(dn)z)= i- 
if b>O (1.7) 
--oo z--x 
1 =- 
z-a 
if b=O 
uniformly on compact subsets of C\supp A, where I is the probability 
measure with respect to which the polynomials (u,,(x)> generated by 
u,+,(x)=(x-uqn)~,(~)-b2q2n-2~n~1(~), n=o, 1,2, . ..) (1.8) 
&Ax) = 1, u-,(x)=0 
are orthogonal. 
From this theorem one can notice that the asymptotic behavior of the 
ratio of two orthogonal polynomials with exponentially increasing 
recurrence coefficients is closely related to orthogonal q-polynomials with 
recurrence coefficients that converge to zero exponentially fast. 
In Section 2 we will analyse the q-polynomials given by (1.8) in detail 
and find an explicit formula for the limit in (1.7). Theorem 1 will be proved 
in Section 3 and closely related quadrature formulas will be discussed in 
Section 4. 
2. SOME ORTHOGONAL q-POLYNOMIALS 
Consider the manic polynomials u,(x) = u,(x; q; a, b) generated by 
(1.8), with 0 < q < 1. The associated orthogonal polynomials {U!,‘)(X) = 
u:‘)(x; q; a, 6)) are given by the recurrence 
u;‘J 1(x) = (x - aq”+ ‘) u:‘)(x) - b*q*“u;” 1(x), n = 0, 1, 2, . . . . 
lib”(X) = 1, u”,,(X) = 0 
and it is therefore clear that uil)(x; q; a, b) = u,(x; q; aq, bq). There will be 
a unique measure 1 for which 
i +m u,(x) u,(x) d&x) = 0, m#n -co 
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and the Stieltjes transform of this measure can be obtained by a result of 
Markov, namely 
(2.1) 
with supp 2 c [A, B]. This Stieltjes transform can be represented as a con- 
tinued fraction 
s +a3 -72 44 1 
z-a 
(2.2) 
Let us prove some properties of the polynomials {uJx)}. We will 
frequently use the standard notation 
LEMMA 1. The polynomials {u,(x)} have the generating function 
(2.3) 
and (r,, > satisfies 
r n+l = -azqnrn-b2z2q2np2(1 -xzq”) r,-, (2.4) 
Yo= 1, r-1 =o. 
Proof: If we multiply (1.8) by znf ’ and add all the equations, then 
U(z) - 1 = xzU(z) - azU(qz) - b2.z2U(q22). 
This is a q-difference equation of the second order which may be rewritten 
as 
Iteration gives 
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where we have used the notation 
Q(z)=( l-;z -;“). 
If we write 
n-1 
then 
from which 
r n+l = --zqnrn+(l-xzqn)Sn 
s n+l = - b2z*q*“rn 
and similar equations are valid for {p,, o,}. If we combine the two 
recurrence relations, then (2.4) follows. 1 
The sequence {r,} in Lemma 1 can be found explicitly in terms of the 
polynomials {P,(x; q; CI, b, c)} introduced by Al-Salam and Chihara [3] 
and studied by Askey and Ismail [S]. These polynomials satisfy the 
recurrence relation 
P,+,(x)=(x-aq”)P,(x)-(c-bq”pl)(l-q”)P,-,(x) V-5) 
PO(X) = 1, P-,(x)=0. 
LEMMA 2. The sequence {r,} satisfying (2.4) is given by 
r, = 4 n(n - 1 ),Zzn (xz; 4)” + I
(4; 4L 
x f (XZ)k P, --a;q; -aq k+l b2 2k+l , q (2.6) 
k=O 
ProojI Introduce a new sequence {wn} by 
rn = 4 n(n- I)‘*ZyXZ; q)n+ 1 w, 
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and insert this in (2.4) then it follows that {w,} satisfies 
(l-xzq~+~)w~+~=-(iw.-~~~.,~,. 
Since r-, = 0 we have w ~ 1 = 0 and from r. = 1 we find the nonstandard 
initial condition w0 = l/(xz; q), = (1 - xz))‘. If we multiply this equation 
by t”+’ and add ail the obtained equations, then we get 
W(t)= f w,P= 
1 XZ 
n=O l+at+-tz 1+at+b’t2 
b2 + WqtL 
4 4 
which is a q-difference quation of the first order. By iteration we find 
W(t)= f wk 
k=O n;=, (1 + atq’+ b2t2q2’- ‘)’ 
Now if we put 
f(t)= 
1 
nk= I 0 (1 + atqJ + b2t2q”--- ’
) = .,;, cn f’ 
then from the q-difference quation 
( 1 + atqk+ ’ + b2t2q2k + ’ )f(qt)= l+at+$2 f(t) 
> 
one easily finds 
so that 
W(t)= f .=,--$ z (xz)” P,,( -a;q; -aqkfl, b’q’*+‘,$) 
9 nk0 
from which the result follows. 1 
A combination of the two previous lemmas gives the most relevant 
properties of the q-polynomials (uJx)} : 
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THEOREM 2. The q-polynomials (uJx)> g enerated by (1.3) are explicitly 
given by 
n y-k k(k- 1)/2 
%l(x)= 1 
k=C, khk ” 
b= -a;q; _aqn-k+1,b2q2(n-k)+1,- . (2.7) 
4 
When x#O 
Iirn u,(x) -=,(;;,;a,,), 
n-rm x” 
(2.8) 
where 
G(x; q; a, b)= f x ’ k=O ‘h”,,:‘-‘“k( -%‘A~) 
and {Ux; q; c) = h,(x)} are q-Hermite polynomials given by 
h,+,(x)=xh,(x)-41 -q”)h,-,(x1 
h,(x) = 1, h-,(x)=0. 
The Stieltjes transform of the measure ;1 is given by 
s 
= w = 1 G(l/z; q; aq, bq) 
(2.9) - co z-x z G(l/z;q;a, b) ’ 
Proof: Equation (2.7) follows immediately from (2.3) and (2.6). If we 
let n tend to infinity in (2.7) then (2.8) also follows, if we keep in mind that 
-a; q; -aqnpk+l, bzq2(npk)+l, F)=hk( -a;q;;). 
The Stieltjes transform is then easily obtained from (2.1). 1 
The q-Hermite polynomials that appear in Theorem 2 have been studied 
by Allaway Cl] and Al-Salam and Chihara [3]. 
The spectral measure 3, for the q-polynomials {uJx)} is a purely 
discrete measure with infinitely many mass points that have a single 
accumulation point at the origin [6, p. 1171. Notice that our q-polynomials 
u,(x; Ji; 0, Jh coincide with the polynomials U,(x; 0, b) of Al-Salam 
and Tsmail [4]. 
3. PROOF OF THEOREM 1 
We will now return to Theorem 1. Let us first give a formula for a 
modified Turan determinant: 
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LEMMA 3. Suppose that {P,(x)} is generated by (l.l), then 
P,(x) P,(Y) - AP”, I(X) pn- I(Y) 
A”(b,b,...b,,)’ 
y-Ax+AUj-aj-, 
A’(b, . . . bj)2 pj(x) p,- I(Y) 
A2b.l-bL P.(x)Pjp2(y) 
+A’(& ...bj)2 J (3.1) 
Proof Denote the modified Turin determinant by D, = P,(x) P,(y) - 
AP,+,(x) Pnel(y), then by the recurrence formula (1.1) 
D,=P,(x)P,(y)-AP,-,(y)C(x-a,)P,(x)-b~P,~,(x)l 
= AbiD,-, +pn(x)[P,(y)+A2bj;P,-2(y)-A(x-a,)P,-,(y)l. 
Now use the recurrence formula ( 1.1) again for P,(y) to find 
D,=Abt:D,_,+P,(x)[(y-Ax+Aa,-a,_,)P,-,(y) 
+ (A2b:-bi-,) P,e,(~)l. 
The expression (3.1) follows now by iteration. 1 
Proof of Theorem 1. Use (3.1) with x= q(n) z, y= qo(n-- 1) z, and 
A = q and divide both sides of the equation by P,, ,(cp(n) z) P,(cp(n - 1) z). 
This gives 
1 Pn(cp(n) z) 
v(n) q”(b1 -bn)* cp(n) P,, ,(qJ(n) z) - qSo(n) 
pn-1(rp(n- l)z) 
Pn(cp(n - 1) 2) 1 
1 
= P,(cp(n - 1) z) p,, l(cpb) z) 
+Ii 
Z(dn - 1) -W(n)) + Vj-aj- i 
j=l q’(b, . . . bj)2 
Pj(cpW z) p,- I(cpb - 1) z) 
x p,, l(40) z) P,(cp(n - 1) z) 
q”bj-b,2-, Pj(q(n) Z) f’-z(cP(n- 1) Z) 
‘q’(b,~..h,)2P~+~(rp(n)Z)P,(~(n-1)Z) 
Let us introduce the notation 
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We can always choose cp as an increasing function, and because of (1.3) 
there will exist a constant c such that 
< cn ‘cp(n)2’” -/). 
By (1.6) it is also clear that there exists a constant A such that 
Now 
pk-l(z) 2 aj,k 
-= 
Pk(Z) j=l Z-Xj,k 
with aj, k > 0 and CT= 1 aj,k = 1 so that for z E (A + d, cc ) we find 
pk- l(dn) z, <L 5 aj, k 1 
Pk(dn) z, Vfn) j= 1 
,<- 
5. k 
I I 
ddn) 
=-i&3 
and therefore, when j < k < n + 1, 
(3.2) 
(3.3) 
If we use the inequalities (3.2) and (3.3) then we obtain for ZE (A+d, co) 
If d is sufficiently large, then 
lim lQ,(~)-Q,-~(z)l =O II+02 (3.4) 
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whenever ZE (A + d, co), uniformly on compact intervals. By (3.3) we see 
that fQJz)> ’ is b ounded when z E (A + d, c;o ) and therefore there exists a 
subsequence {Q,,(z)} that converges to Q(z), say. Use the recurrence for- 
mula (1.1) to find 
1 a, -=z---- J& 
Q,(z) v(n) 
-Q,-, (&z). 
cp(n)’ cp(n - 1) 
Let n tend to infinity along the subsequence {k,) then, because of (3.4), we 
see that the limit Q has to satisfy 
1 b2 -= 
Q(z) 
z-a--Q 5 . 
0 4 4 
This determines the function Q in a unique way, since by iteration one 
obtains the continued fraction (2.2). Every converging subsequence 
{Q,(Z)} therefore has the same limit which proves (1.7) for z E (A + d, co). 
The support of II coincides with the poles of the function Q and it con- 
tains all the accumulation points of (xi++ ,/cp(n):j= 1,2, . . . . n; n 2 1 }. If K 
is a compact set in C\supp I, then there exists a number NE N such that 
K n Z, = 0, where 
z,= {x,,n+,/q(n):j=O, l)...) n;n>N}. 
For z E K and n 3 N we then have 
cp(n) PJrp(n) z) 
II+1 
-<I 
‘j, n + 1 1 
Pm+l(cp(n)z) ,=I Z-Xj,n+l ‘2 
I I 40) 
with d=inf{Iz- 11 x zE K, x E (supp Au Z,)} > 0. The theorem of Stieltjes 
and Vitali then completes the proof. 1 
4. QUADRATURE FORMULAS 
Theorem 1 can easily be transformed to a result about a sequence of 
measures with mass points at the contracted zeros of orthogonal 
polynomials. The normalized orthogonal polynomials for the recurrence 
( 1.1) are generated by 
XP,(X) = b,+ Ian+ 1b) + w,(x) + b,p,- 1(x) 
P,(X) = 13 P-,(x)=0 
(4.1) 
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and it is easy to see p,(x) = ynPn(x), with y, _ ,/y, = 6,. The Christoffel 
numbers (&} for the orthogonal polynomials are the unique numbers for 
which the Gauss-Jacobi quadrature formula, 
holds for every polynomial 71 of degree at most 2n - 1. The residues (uj, n $ 
of the rational function P n ~ ,(z)/P,(z) are given by ui, ,1 = il, ,,& 1 (xi, ,,). so 
that 
p,- 1(z) n LPXXj,n) ---=c 
P,(z) ,= I z - xj. n 
THEOREM 3. Define a sequence of measures {A, ; n = 1, 2, . ..} by 
I,(A)=0 if.4 n ix,, .lcp(n)} = @ 
1" xl,n 
(1 1) 9(n) 
=jL/,nPZ-I(xj.n)~ j= 1, 2, . . . . n. 
If {P,(x)} are q-like orthogonal polynomials with 0 <q < 1 and if f is a 
bounded measurable function that is continuous at supp i, then 
s ‘~f(x)drl,(x)= f j= I 
-I ywf’ (x) d4x; q, bq) (n-r a), 
where A( .; aq, bq) is the measure of the polynomials {uJx; q; aq, bq)}. 
Proof: This theorem can be rephrased as: the sequence of measures 
(A,} converges weakly to the measure A. Weak convergence of probability 
measures can, in most cases, easily be proved using some appropriate 
transform of the measures. We will use Stieltjes transforms and in order to 
prove this theorem we will need to show that 
lim -= s 
+m dll,(x) 
I 
+ 0~ dA(x; aq, bq) 
n-cc --1: z-x -03 z-x 
uniformly on compact subsets of C\R. Now 
s +a d&,(x) -=4+) P, I(cp(n) 2) -s z-x PAdn) 2) 
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and by Theorem 1 this converges to (l/q) Q(z/q) and this is the same as the 
Stieltjes transform of A,(.; aq, bq). 1 
Another important sequence of measures is given by 
PAA I= 0, A n ix,, ./4W > = Izr 
which gives the distribution of the contracted zeros. We have the following 
result 
THEOREM 4. If {P,,(x)} are q-like orthogonal polynomials with 0 < q < 1, 
then pL, converges weakly to a degenerate measure with all mass at the origin. 
When f is a bounded measurable function, continuous at zero, then 
Proqfi Let us analyze the first and the second moment of the measures 
p,,. By means of the truncated Jacobi matrix 
a0 b, 0 
b, ai h 
J, = b2 a2 . . . 
. . . b,,- 1 
0 . . b anpI n- 1 
for which the eigenvalues are the zeros {x,,.}, we have 
/=I k=O 
f xj n = tr Ji = ‘2’ (a: + 2b:). 
J=l k=O 
We immediately find 
+CC 1 1 
xdp,(x)=-- i xJ .+’ 
-m n cp(n)j,l ’ 
s 
+ cc 
--m 
and the theorem follows. 1 
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If we take f(x) = 1 xlrn in (4.3) then 
lim J-’ i Ixj,nl”=o, 
“-m cpwQj_, 
which should be compared to a result of Lubinsky and Sharif [12] for 
generalized Stieltjes-Wigert polynomials. 
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